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ABSTRACT
The multi-wavelength spectrum observed from M87 extends from radio wavelengths
up to TeV γ-ray energies. The radio through GeV components have been interpreted
successfully using SSC models based on misaligned blazar jets, but the origin of the
intense TeV emission detected during flares in 2004, 2005, and 2010 remains puzzling.
It has been previously suggested that the TeV flares are produced when a relativistic
proton jet originating in the core of M87 collides with a molecular cloud (or stellar
atmosphere) located less than one parsec from the central black hole. We explore
this scenario in detail here using a self-consistent model for the acceleration of rela-
tivistic protons in a shocked, two-fluid ADAF accretion disc. The relativistic protons
accelerated in the disc escape to power the observed jet outflows. The distribution
function for the jet protons is used to compute the TeV emission produced when the
jet collides with a cloud or stellar atmosphere. The simulated broadband radiation
spectrum includes radio, X-ray and GeV components generated via synchrotron, as
well as TeV emission generated via the production and decay of muons, positrons and
electrons. The self-consistency of the model is verified by computing the relativistic
particle pressure using the distribution function, and comparing it with the relativis-
tic particle pressure obtained from the hydrodynamical model. We demonstrate that
the model is able to reproduce the multi-wavelength spectrum from M87 observed by
VERITAS and HESS during the high-energy flares in 2004, 2005, and 2010.
Key words: Acceleration of particles – cosmic rays – methods: analytical – accretion
discs – galaxies: jets
1 INTRODUCTION
Active galactic nuclei (AGNs) and quasars are often observed to possess strong relativistic outflows, which are thought
to be powered by accretion discs around supermassive black holes (M & 108 M). Sources containing advection-dominated
accretions flows (ADAFs) tend to produce strong radio and γ-ray emission, while radiating less efficiently in the X-ray region
(e.g. Narayan et al. 1997; Yi & Boughn 1998). On the other hand, sources with luminous X-ray emission tend to have weaker
outflows (e.g. Yi & Boughn 1999). ADAF discs occur when the accretion rate is far below the Eddington value, which inhibits
efficient cooling, leading to gas temperatures approaching the virial value (e.g. Yi & Boughn 1998). In this situation, the
plasma is collisionless, meaning that the proton energy distribution is mediated by interactions with MHD waves (see Le &
Becker 2004, hereafter LB04; Le & Becker 2005, hereafter LB05).
In Lee & Becker (2017, hereafter Paper 1), we explored the hydrodynamic, thermodynamic, and radiative properties of
ADAF discs and the associated relativistic outflows. In this paper, we examine the implications of the disc and the outflows
for the production of TeV γ-radiation, resulting from collisions between relativistic outflows and clouds or stelar atmospheres
located within one parsec of the central black hole. Our specific focus here is on modeling and interpreting a series of high-
energy flares observed from M87 by VERITAS and HESS in 2004, 2005, and 2010. The general scenario we consider has
? Email: je@gmu.edu
† Email: pbecker@gmu.edu
© 2019 The Authors
ar
X
iv
:2
00
2.
06
13
8v
1 
 [a
str
o-
ph
.H
E]
  1
4 F
eb
 20
20
2 J. Lee and P. A. Becker
already been investigated by Barkov et al. (2012), based on studies of secondary emission developed by Kelner et al. (2006).
However, these authors simply assumed the existence of a jet without postulating the physical mechanism for its formation.
Here, we construct (for the first time as far as we can tell) a comprehensive, self-consistent model for the structure of the
ADAF disc in M87, and explain how this disc powers a jet of relativistic protons, with such properties that the TeV emission
observed in the flares can be understood as a consequence of the jet-cloud collision process studied by Barkov et al. (2012).
1.1 Standing Shocks and Outflows in ADAF Discs
The possible existence of standing shocks and associated outflows in ADAF discs is a subject of ongoing debate. The question
has been explored using a variety of steady-state and time-dependent simulations. For example, a number of previous studies
have demonstrated that shocks can exist in both viscid and inviscid steady-state discs (e.g. Becker et al. 2011; Chakrabarti
1989; Chakrabarti & Molteni 1993; Chattopadhyay & Kumar 2016; Das, Becker & Le 2009; Das, Chattopadhyay & Chakrabarti
2001; Le & Becker 2005; Lu & Yuan 1997). Generally speaking, even when shocks can exist, there is usually a globally-smooth
alternative solution. However, Becker & Kazanas (2001) argued that when shocked and smooth solutions are both available,
the second law of thermodynamics favors the formation of shocks because they tend to increase the total entropy of the system.
In addition to the steady-state studies cited above, the possible existence of standing shocks in discs has also been explored
using a series of relativistic, time-dependent simulations. For example, Hawley, Smarr & Wilson (1984a,b) and Chattopadhyay
& Kumar (2016) demonstrated that shocks do tend to form in hot tenuous discs. Okuda & D. Molteni (2012) found that
shocks may be unstable in their simulations of the accretion flow and outflow around Sgr A*, but a subsequent detailed
analysis by Le et al. (2016) focused on the stability of standing shocks in ADAF discs found that a stable mode exists over a
broad range of the parameter space of viscosity and angular momentum. The underlying reason for the disagreement between
these two sets of results is unclear, but it may reflect a difference in the choice of parameter values. For more recent similar
studies supporting the existence of shocks in ADAF discs, see Dihingia et al. (2019), Kumar & Gu (2019a,b), and Sarkar &
Chattopadhyay (2019). We also note that in the model under consideration here, shocks can exist over a broad range of the
parameter space of angular momentum and energy of the accreted gas. The region of the parameter space within which shocks
can form is indicated by the cream-colored region on the right side of Figure 5 in Paper 1.
The formation of a standing shock located near the centrifugal barrier in a collisionless ADAF disc creates an environment
favorable for the acceleration of relativistic particles. Protons from the tail of the thermal ion distribution in the disc are able
to cross the shock multiple times in the collisionless regime, leading to the formation of a population of nonthermal, relativistic
particles via the first-order Fermi mechanism. Some of the accelerated protons escape from the disc in the vicinity of the shock,
forming the observed jets, and removing binding energy from the disc, hence allowing accretion to proceed. Furthermore, it
has been established that the acceleration of particles at a standing shock in the disc can be sufficient to power the observed
strong outflows in radio-loud active galaxies containing supermassive black holes, such as M87, and also in the Galactic Centre
source Sgr A* (Le & Becker 2005; Becker et al. 2011). An alternative mechanism for the formation of jets and outflows from
AGNs is provided by the Blandford-Znajek (1977) or Blandford-Payne (1982) mechanisms, which extract rotational energy
from the black hole or accretion disc and convert it into a flux of electromagnetic fields and particles. However, recent studies
have shown that this mechanism tends to channel energy into the equatorial plane of the disc, rather than along the rotation
axis of the disc, calling into question of the effectiveness of these mechanisms for powering relativistic jets (e.g. Menon &
Dermer 2005; Le et al. 2018). This has stimulated renewed interest in the possibility of shock-driven outflows. In particular, we
note that Le et al. (2016), Le et al. (2018), and Chattopadhyay & Kumar (2016) confirmed the existence of stable disc/shock
configurations with associated shock-driven outflows in ADAF discs.
1.2 Multi-wavelength Observations of M87
M87 has been observed for decades using a variety of instruments, covering emission generated in the radio, infrared, optical,
and X-ray wavelengths (e.g. de Gasperin et al. 2012; Benkhali et al. 2019; Dermer & Rephaeli 1988). Generally, the radio
emission is concentrated in the central region and the halo of M87, the optical emission is dominated by starlight, and the hard
X-ray emission originates in the core and the jet. Soft X-ray emission is observed from the halo of M87, probably produced via
a combination of synchrotron emission and Compton up-scattering of disc photons (Dermer & Rephaeli 1988). The GeV γ-ray
emission form M87 is likely produced in the relativistic jet, and the TeV emission is probably produced in either the jet, or as
a result of collisions between the jet and a cloud or stellar atmosphere (Benkhali et al. 2019). Abdo et al. (2009, hereafter A09)
computed the comprehensive spectral energy distribution (SED) for M87 using a one-zone synchrotron self-Compton (SSC),
covering emission from radio to GeV energies. The SED exhibits a double-hump structure, with a minimum flux at ∼ 4 keV.
In the standard SSC model, the low-frequency hump is attributed to synchrotron radiation, and the high-frequency feature
results from the inverse-Compton scattering of a combination of externally produced radiation (from the disc or broad-line
clouds), and internally produced synchrotron radiation (e.g. Finke et al. 2008). The Fermi-LAT observed GeV emission from
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M87 during the 10 month all-sky survey running from 2008 August 4 - 2009 May 31 (A09). The intensity of the GeV emission
observed by Fermi-LAT varied by a factor of ∼ 5 over a timescale of ∼ two weeks.
Our main focus here is on the formation of the GeV-TeV γ-ray emission from M87 observed by VERITAS and HESS,
which is not well explained by the standard SSC model. The TeV γ-ray emission from M87 exhibits both low and high
luminosity states. Strong γ-ray emission in the TeV energy range was observed by HESS (Aharonian et al. 2006) when M87
was in a low state (2004) and a high state (2005). A very intense TeV flare was observed by VERITAS in 2010, during which
the TeV flux was about an order of magnitude higher than that observed during the low state in 2004 (Aliu et al. 2012). It is
important to emphasize that the GeV emission detected by Fermi-LAT was not contemporaneous with any of the TeV data
sets obtained in 2004, 2005 and 2010. However, in the absence of any other GeV spectra, we will follow the example of A09
and Fraija & Marinelli (2016) and use the Fermi-LAT data to constrain the multi-wavelength fits presented in Section 6. We
discuss the variable TeV emission in more detail below.
1.3 TeV γ-Ray Flares
From 2010 April 5-11, VERITAS observed a strong TeV flare from M87 with a duration of several days (Aliu et al. 2012).
Two other TeV flares, with similar timescales, were observed by HESS in 2004 and 2005. These TeV flares present difficulties
for the standard one-zone SSC model for blazar emission (Finke et al. 2008), which has motivated attempts to extend the
standard model. For example, Lenain et al. (2008) proposed a scenario in which multiple plasma blobs containing highly
relativistic electrons with Lorentz factor γ ∼ 106 propagate in the blazar jet with bulk Lorentz factor Γ ∼ 10. This type
of model can account for the level of TeV emission observed by HESS in 2004 and 2005, although it requires a magnetic
field B ∼ 0.01 − 0.5 G, which is much lower than expected in the inner region of the jet (e.g. Vincent 2014; Sahu & Palacios
2015). Alternatively, Tavecchio & Ghisellini (2008) have explored a model in which the jet has two spatial components, with
a relatively slow moving core producing the low-energy emission, and a very fast moving outer layer with bulk Lorentz factor
Γ ∼ 106 producing the TeV emission. Although this model is capable of producing spectra that are comparable to those
observed 2004 and 2005, there is no independent evidence for such a large bulk Lorentz factor in the M87 jet.
There are also models for the TeV emission that focus on hadronic processes (Benkhali et al. 2019). For example, Barkov
et al. (2012, hereafter B12) argued that the VERITAS flare from M87 was the result of an interaction between a hadronic jet
and a dense cloud, which could be the atmosphere of a red giant star, located ∼ 0.01 − 0.1 pc from the black hole. Hadronic
models present an attractive alternative to leptonic models, since hadrons are less strongly affected by synchrotron losses,
which make it difficult to keep electrons sufficiently energized to produce TeV emission far from the central black hole. In
the model of B12, relativistic protons power the observed TeV emission via proton-proton (pp) interactions, based on the
nuclear physics formalism developed by Kelner et al. (2006, hereafter K06). Although B12 were able to roughly fit the 2010
VERITAS observations, they did not attempt to reproduce any other portion of the SED below an energy of ∼ 0.3 TeV.
More importantly, B12 utilized an ad-hoc model for the proton distribution in the jet, which makes no connection with any
acceleration mechanism or with the underlying accretion disc surrounding the supermassive black hole. A similar model was
proposed by Fraija & Marinelli (2016), in which the TeV γ-ray radiation results from pion production due to proton-photon
(pγ) interactions. They used their model to fit the HESS 2004 data, but it was not applied to the interpretation of the
HESS 2005 or VERITAS 2010 data. Moreover, Fraija & Marinelli (2016) did not attempt to account for the production or
acceleration of the inferred jet.
This situation has motivated us to examine the possibility that the two-fluid disc investigated in Paper 1 could be the
source of the relativistic jet required to explain the production of the TeV emission observed from M87. Specifically, our goal is
to determine whether the TeV γ-ray spectra observed in 2004, 2005, and 2010 can be explained as a natural consequence of a
collision between a jet of relativistic protons (emanating from the two-fluid accretion disc) and a cloud or stellar atmosphere. If
successful, the result would be a comprehensive, self-consistent model for the entire process, starting with the structure of the
underlying accretion disc, and extending to the calculation of the properties of the jet outflow and the resulting TeV emission
produced when the proton jet encounters the cloud. The organization of the paper is as follows. In Section 2 we briefly review
the accretion dynamics for our two-fluid model, and in Section 3 we solve the particle transport equation derived by LB07 to
determine the proton distribution in the accretion disc in the context of our two-fluid model. In Section 4, we present detailed
applications using parameters appropriate for modeling the disc/outflows in M87. The production of secondary pions and
γ-rays due to proton-proton collisions is analyzed in Section 5, and the model is applied to interpret the multi-wavelength
emission from M87 in Section 6. Finally, in Section 7 we summarize our conclusions and discuss the astrophysical significance
of our results.
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Figure 1. Schematic diagram of our two-fluid disc/shock/outflow model, developed in Paper 1. The filled and open circles represent
the accelerated protons and the MHD scattering centers, respectively. The scattering centers advect towards the black hole with the
background flow velocity. Seed particles injected from the thermal population at the shock location are accelerated by crossing the shock
multiple times. Protons escape from the disc into the corona at the shock location, forming a jet of relativistic plasma.
2 TWO-FLUID ACCRETION DYNAMICS
In the scenario considered here, which was analyzed in detail in Paper 1, the plasma is gravitationally accelerated toward the
central mass and encounters a standing shock just outside the centrifugal barrier (see Figure 1). The shock is located in the
supersonic region between the inner and outer critical points. The subsonic flow on the downstream side of the shock becomes
supersonic again after passing through the inner critical point. Relativistic particles experience first-order Fermi acceleration
in the vicinity of the shock discontinuity, producing a characteristic nonthermal distribution. A significant fraction of the
accelerated particles are advected into the black hole, and the remainder escape by either diffusing in the outward radial
direction through the disc, or by diffusing in the vertical direction to escape through the upper and lower surfaces of the disc
near the shock radius.
In this section, we review some of the main features of the inviscid two-fluid model governing the accretion disc structure
(see Paper 1 for complete details). The total energy transport rate in the disc in the inward radial direction, ÛE, is defined by
ÛE = ÛEth + ÛErel , (1)
where the energy transport rates for the thermal and relativistic particle populations are given, respectively, by
ÛEth = ÛM
(
1
2
υ2 +
1
2
`20
r2
+ Φ +
a2th
γth − 1
)
, (2)
and
ÛErel = ÛM
(
a2rel
γrel − 1
+
κ
ρυ
dUrel
dr
)
. (3)
Here, ÛM represents the accretion rate onto the black hole, ath and arel denote the adiabatic sound speeds for the thermal and
relativistic particles, respectively, υ > 0 is the radial inflow speed, ρ is the mass density, `0 is the angular momentum per
unit mass, κ is the radial diffusion coefficient for the relativistic particles, Urel is the relativistic particle energy density, Φ is
the pseudo-Newtonian gravitational potential, and γth = 5/3 and γrel = 4/3 denote the adiabatic indices for the thermal and
relativistic particles, respectively. The pseudo-Newtonian potential is defined by (Paczyn´ski & Wiita 1980)
Φ = − GM
r − rS
, (4)
where rS = 2GM/c2 = 2Rg represents the Schwarzschild radius of the black hole and Rg denotes the gravitational radius. In
the two-fluid model, pressure support is provided by both the thermal gas and the relativistic particles, and therefore the disc
half-thickness is given by (see Paper 1)
H(r) = 1
ΩK
(
γth
γrel
a2rel + a
2
th
)1/2
. (5)
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The radial diffusion coefficient κ appearing in equation (3) describes the scattering of relativistic particles by MHD waves,
and is computed using (see equation 13 from Paper 1)
κ(r) = κ0 υ(r)rS
(
r
rS
− 1
)2
, (6)
where κ0 is a dimensionless constant. The total energy transport rate ÛE is constant throughout the disc, except at the shock
location, where there is a jump in ÛE due to the escape of energy from the disc, represented by
Ljet = −∆ ÛE = −12
ÛM∆υ2 , (7)
where Ljet denotes the jet kinetic luminosity, and the operator ∆ is defined by
∆[ f ] ≡ lim
δ→0
f (r∗ − δ) − f (r∗ + δ) = f+ − f− , (8)
with the subscripts “+” and “-” denoting post-shock and pre-shock values, respectively, for any physical quantity.
As discussed in Section 3 from Le & Becker (2005), an isothermal shock will produce a larger compression ratio than
either a Rankine-Hugoniot shock (which conserves energy flux), or an isentropic shock (which conserves entropy). It follows
that only the isothermal or isentropic shocks are capable of radiating the energy required to power an outflow. The detailed
analysis carried out in Paper 1 indicates that the compression ratio in the application of our model to M87 is not large,
R ∼ 1.7, and therefore an isentropic shock would probably yield very similar results to the isothermal shock case, which is
assumed here. As the gas crosses the standing shock, the decrease in the relativistic particle sound speed (due to the escape
of energy into the outflow) leads to the condition
arel+ < arel− . (9)
On the other hand, since the shock is assumed to be isothermal, the jump condition for the thermal particle sound speed is
given by
ath+ = ath− . (10)
Consideration of equations (5), (9), and (10) leads to the conclusion that in the two-fluid model, there is a decrease in the
disc half-thickness as the gas crosses the shock, as depicted schematically in Figure 1.
3 PARTICLE ACCELERATION AND TRANSPORT EQUATION
Our goal in this paper is to analyze the transport and acceleration of relativistic particles (protons) in a disc governed by
the two-fluid dynamical model developed in Paper 1. The particle transport model for the relativistic protons in the disc
includes terms describing spatial diffusion, advection, particle escape, and first-order Fermi energization. The solution to the
transport equation is the steady-state Green’s function, fG(Ep, r), describing the particle distribution in the disc resulting
from monoenergetic particle injection, where Ep and r denote the proton energy and the radius in the disc, respectively. Our
formalism is similar to the one employed by LB07 in the context of their one-fluid dynamical model. However, an important
distinction is that we are including the effect of the relativistic particle pressure on the dynamical structure of the disc, which
was neglected by LB07. Hence we will need to reexamine some of the fundamentals described in LB07 in order to create a
self-consistent model, which is one of our primary objectives in this paper.
The issue of the magnetic topology at the base of the flow warrants further discussion. Various studies indicate that
astrophysical outflows tend to occur along open field lines that are anchored in active regions. For example, de Gouveia Dal
Pino et al. (2010) argued that outflows from accretion discs in AGNs occur along open field lines, and are powered by particle
acceleration occurring in regions experiencing violent magnetic reconnection. These regions are likely to be concentrated in
the vicinity of shocks because shocks tend to enhance the magnetic shear that leads to reconnection. An analogous process in
the context of solar flares was suggested by Plotnikov et al. (2017), who argued that magnetic reconnection in the vicinity of
coronal shocks both creates open magnetic field lines and also powers the strong γ-ray emission observed in some solar flares.
Desai & Burgess (2008) invoked a similar mechanism in their study of coronal mass ejection-driven particle acceleration at
Earth’s bow shock. In both the AGN and solar applications, the wind or jet outflow starts off at the base with a non-relativistic
velocity, and then subsequently expands as it accelerates to a highly relativistic terminal velocity. This is further discussed in
Section 4.2.
The particle transport formalism used in this work follows the approach of LB07, which treats the particle distribution
function fG as a vertical average over the disc half-thickness, denoted by H(r). We assume that the isothermal shock radius,
r∗, is also the location of the particle injection from the tail of the thermal background, triggered by magnetic reconnection
in the vicinity of the shock (e.g. Drury 2012; Jones & Ellison 1991). Following Desai & Burgess (2008), we assume that the
escape of the relativistic particles from the disc into the corona and outflow is also concentrated at the shock radius, due to the
presence of open field lines in the vicinity of the velocity discontinuity, as indicated in Figure 1. This establishes a connection
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between the jump in the relativistic energy flux and the energy carried away by the escaping particles at the shock location,
hence ensuring self-consistency between the dynamical model and the particle transport calculation.
3.1 Transport Equation
The Green’s function, fG(Ep, r), describes the energy and spatial distribution of relativistic protons in the accretion disc,
resulting from the continual injection of ÛN0 seed particles per unit time with energy E0 from a source located at radius r∗.
The corresponding relativistic particle number and energy densities, nrel(r) and Urel(r), respectively, are related to fG(Ep, r)
via the integrals
nrel(r) =
∫ ∞
E0
4piE2p fG(Ep, r) dEp , Urel(r) =
∫ ∞
E0
4piE3p fG(Ep, r) dEp . (11)
The relativistic particle pressure Prel is related to the energy density Urel via Prel = (γrel − 1)Urel, where γrel = 4/3.
The lower bound for the integrations over the proton energy in equations (11) is set to E0 because there is no deceleration
included in the model considered here. The vertically-averaged form of the transport equation satisfied by the Green’s function
can be written as (see equation B3 from Paper 1),
Hυr
∂ fG
∂r
=
1
3r
∂
∂r
(rHυr )Ep ∂ fG
∂Ep
+
1
r
∂
∂r
(
rHκ
∂ fG
∂r
)
+
ÛN0δ(Ep − E0)δ(r − r∗)
(4pi E0)2r∗
− Ûfesc , (12)
where υr = −υ < 0 is the inflow velocity, κ is the radial diffusion coefficient in the disc (describing the scattering of relativistic
protons with MHD waves), c is the speed of light, and the Ûfesc is the escape term, defined by
Ûfesc = A0cH∗δ(r − r∗) fG . (13)
The dimensionless constant A0 sets the efficiency of the escape of particles from the disc at the shock location, and is computed
using the energy conservation relation Ljet = Lesc (see equations 131 and 133 from Paper 1)
A0 =
Ljet
4pir∗H∗cUrel(r∗)
, (14)
where H∗ = H(r∗) and Urel(r∗) represent the disc half-thickness and the relativistic particle energy density, respectively, at the
shock location. In the vicinity of the shock, the inflow speed υ = −υr > 0 is discontinuous, and is denoted by (see equation 23
from LB07)
dυ
dr
→ (υ− − υ+)δ(r − r∗) , r → r∗ , (15)
where υ− and υ+ represent the positive inflow speeds just upstream and downstream from the shock, respectively. Due to the
velocity discontinuity, the first-order Fermi acceleration of the particles is concentrated in the region surrounding the shock.
3.2 Separation Functions
For proton energies Ep > E0, the source term in equation (12) vanishes, and the resulting equation is homogeneous and
separable in terms of the functions
fλ(Ep, r) =
(
Ep
E0
)−λ
Y (r) , (16)
where λ is the separation constant, and the spatial separation functions Y (r) satisfy the differential equation
−Hυ dY
dr
=
λn
3r
d
dr
(rHυ)Y + 1
r
d
dr
(
rHκ
dYn
dr
)
− A0cH∗δ(r − r∗)Y . (17)
Using equation (6) to substitute for κ in equation (17) yields
d2Y
dr2
+
[
rS
κ0(r − rS )2
+
d ln(rHυ)
dr
+
2
r − rS
]
dY
dr
+
λnrSY
3κ0(r − rS )2
d ln(rHυ)
dr
= 0 , (18)
which is identical to equation (30) from LB07 for their one-fluid model; hence it is also valid in the case of our two-fluid model.
However, it should be emphasized that the dynamical profiles for H(r) and υ(r) used here are significantly different from those
adopted by LB07 in their one-fluid model, since our two-fluid model includes the effect of the relativistic particle pressure on
the background flow.
3.3 Jump Conditions
The global solutions for the spatial separation function Y (r)must satisfy equation (18), in addition to a set of physical boundary
and jump conditions. The jump conditions are associated with the existence of the shock/source at radius r = r∗, and can be
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obtained by integrating equation (18) with respect to radius r in a small region surrounding the shock location. The results
obtained are (see Appendix A) the continuity condition,
∆[Y ] = 0 , (19)
and the derivative jump condition,
∆
[
λn
3
HυY + Hκ
dY
dr
]
= −A0cH∗Y (r∗) , (20)
where ∆ represents the difference between post-shock and pre-shock quantities (see equation 8).
3.4 Spatial Eigenfunctions
The spatial eigenfunctions, Yn(r), are those special instances of the separation function Y (r) that satisfy the differential equa-
tion (18) as well as the physical boundary and jump conditions. The procedure required to obtain the global solution for
the eigenfunction Yn(r) involves two separate integrations in the inner and outer regions, yielding two fundamental solutions,
denoted by Ginn (r) and Goutn (r), respectively. The global solution for Yn(r) is then developed by combining the fundamental
solutions Ginn (r) and Goutn (r), which yields
Yn(r) =
{
Ginn (r) , r ≤ r∗ ,
anGoutn (r) , r ≥ r∗ ,
(21)
where the matching coefficient, an, is computed using
an =
Ginn (r∗)
Goutn (r∗)
, (22)
which ensures the continuity of Yn(r) at the shock location, r = r∗, as required by equation (19).
3.5 Boundary Conditions and Eigenvalues
The spatial eigenfunctions Yn(r) must also satisfy a set of boundary conditions, which yields a discrete set of values for λ,
denoted by the eigenvalues, λn. To develop the inner boundary condition, applicable close to the event horizon (r → rS ), we
note that near the horizon in the two-fluid model, the plasma behaves adiabatically, because diffusion becomes negligible as
the flow velocity approaches c (e.g. Paper 1; Weinberg 1972). Furthermore, the thermal particle pressure dominates over the
relativistic particle pressure as r → rS , because γth > γrel. Hence, we can adopt the asymptotic relation derived by LB07, which
states that near the horizon, the behavior of Ginn (r) is given by (see equation 35 from LB07),
Ginn (r) → ginn (r) ≡
(
r
rS
− 1
)−λn/(3γth+3)
, r → rS . (23)
Likewise, the asymptotic form applicable at large radii (r →∞), where spatial diffusion dominates, is derived in Appendix B.
The result obtained is
Goutn (r) → goutn (r) ≡
C1
r
+ 1 , r →∞ , (24)
where C1 is a constant. Since the particle transport is dominated by diffusion at large radii, it follows that Goutn (r) ∝ Urel(r) as
r →∞. Based on equation (116) from Paper 1, the asymptotic behavior of Urel(r) is therefore given by
Urel(r) → Urel,∞
(
C1
r
+ 1
)
, r →∞ . (25)
The global numerical solution for Urel(r) was already obtained as part of the set of hydrodynamical model results computed
in Paper 1, and therefore the constant C1 can be calculated using the hydrodynamical results. Incorporating the resulting
value of C1 into equation (24) allows us to compute the asymptotic behavior of Goutn , so that we obtain for the outer boundary
condition
Goutn (r) → goutn (r) =
Urel(r)
Urel,∞
, r →∞ . (26)
The validity of the asymptotic forms in equations (23) and (26) is demonstrated in Appendix B by comparing the numerical
solutions obtained for the spatial eigenfunctions with the predicted asymptotic forms. The results are similar to those depicted
in Figures 3 and 4 from LB07.
3.6 Green’s Function Solution
Once the inner and outer fundamental solutions, Ginn (r) and Goutn (r), respectively are determined via numerical integration of
equation (18) in the inner and outer regions of the disc, the matching coefficient, an, is computed using equation (22), and
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Table 1. Disc structure parameters, originally shown in Paper 1. All quantities are expressed in gravitational units (GM = c = 1).
Model `0 κ0 ∆ r∗ H∗ A0 ηS η Kth/Krel Kth Krel
A 3.1340 0.02044 -0.005671 12.565 6.20 0.050 6.63 5.95 7,400 3.04 × 10−3 4.10 × 10−7
B 3.1524 0.02819 -0.005998 11.478 5.46 0.052 6.41 3.65 7,700 2.79 × 10−3 3.63 × 10−7
C 3.1340 0.03000 -0.006427 14.780 7.49 0.100 3.56 3.84 65,000 3.64 × 10−3 5.61 × 10−8
D 3.1524 0.05500 -0.006116 14.156 6.91 0.125 1.42 1.45 260,000 3.51 × 10−3 1.35 × 10−8
Table 2. Model Energy Parameters, originally shown in Paper 1.
Model Γ∞ Ljet
(
erg s−1
)
ÛN0
(
s−1
)
ÛNI
(
s−1
)
ÛNII
(
s−1
)
ÛNesc
(
s−1
)
ÛM
(
M yr−1
)
ÛNth
(
s−1
)
A 3.52 5.5×1043 2.75 × 1046 7.42 × 1043 −1.61 × 1046 1.04 × 1046 1.71×10−1 6.46×1048
B 3.52 5.5×1043 2.75 × 1046 3.49 × 1044 −1.57 × 1046 1.04 × 1046 1.62×10−1 6.11×1048
C 2.46 5.5×1043 2.75 × 1046 1.37 × 1045 −9.62 × 1045 1.49 × 1046 1.51×10−1 5.70×1048
D 2.48 5.5×1043 2.75 × 1046 5.46 × 1045 −6.71 × 1045 1.48 × 1046 1.59×10−1 5.99×1048
the general solution for the spatial eigenfunction Yn(r) is evaluated using equation (21). In general, the boundary conditions
and the jump conditions are not satisfied for arbitrary values of the separation constant λ. Hence, λ must be varied in order
to determine the discrete eigenvalues, denoted by λn. The process is repeated for integer values n, starting with n = 1, until
the desired number of eigenvalues and eigenfunctions is obtained. We verify the orthogonality of the spatial eigenfunctions
Yn(r) computed using equation (21) in Appendix C, and apply this technique to M87 in Section 6. Since the eigenfunctions
form an orthogonal set, it follows that we can develop a series expansion for the Green’s function, fG(Ep, r), by writing
fG(Ep, r) =
Nmax∑
n=1
bnYn(r)
(
Ep
E0
)−λn
, Ep ≥ E0 , (27)
where the expansion coefficients, bn, are derived in Appendix D and computed using equation (D10). The Green’s function
represents the proton distribution in the disc resulting from the continual injection of seed protons with energy E0 at radius
r∗. In our model, the seed protons are injected from the tail of the thermal Maxwellian in the vicinity of the shock, or as the
result of magnetic reconnection (e.g. Paper 1, LB05). In our application to M87, we generally set Nmax = 10, which yields an
accuracy of ∼ 5% based on the convergence properties of the expansion in equation (27).
4 PARTICLE DISTRIBUTION IN THE M87 JET
In Paper 1, we investigated the acceleration of relativistic particles in an inviscid ADAF disc containing a standing, isothermal
shock. The focus of that study was the determination of the self-consistent velocity distribution in the disc, including the
back-reaction exerted on the flow by the pressure of the accelerated relativistic particles. We found that the inclusion of the
particle pressure tends to create a smooth precursor deceleration region on the upstream side of the shock, similar to that
seen in the structure of cosmic-ray modified shocks (e.g. Axford et al. 1977; Becker & Kazanas 2001). For a given source
with a measured jet kinetic power, Ljet, and a known black hole mass, M, we found that for a specific value of the diffusion
parameter, κ0 (see equation 6), several distinct flow solutions can be obtained for different values of the accreted entropy ratio,
Kth/Krel, which denotes the ratio of the thermal and relativistic particle entropy parameters at the event horizon. We focused
on four particular models in Paper 1, based on the values for the specific angular momentum `0 and the diffusion parameter
κ0 adopted in models 2 and 5 from LB05, combined with variation of κ0 in order to maximize the terminal Lorentz factor, Γ∞,
for the escaping particles. In Tables 1 and 2, we list all of the relevant parameter values for each of the four models examined
in Paper 1. Note that the values reported in Table 2 for Γ∞ are slightly different from those obtained in Paper 1, which is due
to a slight improvement in the accuracy of the numerical algorithm used in the computations performed here.
It is important to discuss the physical significance of the entropy ratio Kth/Krel. The entropy per particle for the thermal
gas is given by (see equation 28 from Paper 1)
Kth ≡ r3/2(r − rS )υa2/(γth−1)th
(
γth
γrel
a2rel + a
2
th
)1/2
. (28)
Likewise, the entropy per particle for the relativistic population is given by (see equation 29 from Paper 1)
Krel ≡ r3/2(r − rS )υa2/(γrel−1)rel
(
γth
γrel
a2rel + a
2
th
)1/2
. (29)
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Figure 2. a) Plots of the inflow speed υ(r) (blue lines) and the effective sound speed aeff, κ (r) (red lines), in units of c for Model C.
The dashed lines denote the one-fluid model of LB05, and the solid lines represent the two-fluid model considered here. b) Plots of the
thermal pressure Pth(r) (red line) and the relativistic particle pressure Prel(r) (blue line), plotted in cgs units for Model C.
The values for Kth and Krel at the inner boundary (r = 2.1 Rg) are reported in Table 1. The total rate of accretion of entropy
onto the black hole is given by the weighted sum ÛNthKth + ÛNrelKrel, where ÛNrel and ÛNth represent the accretion rates at the
horizon for the relativistic particles and the thermal gas, respectively. The thermal particle accretion rate is related to the
mass accretion rate ÛM via ÛNth = ÛM/mp, and the relativistic particle accretion rate is given by ÛNrel =
 ÛNII, where the absolute
value is taken because ÛNII is a negative quantity (see Table 2). Computing the total system entropy using the weighted sum
indicates that the system entropy is dominated by the thermal particles. Furthermore, we find that the total entropy accretion
rate is maximized for Model C, and therefore we will focus exclusively on Model C in this study.
Our computational results show that Model C yields excellent agreement between the relativistic particle pressure profiles
computed using either (i) integration of the relativistic particle distribution, or (ii) solution of the set of hydrodynamical
equations (e.g. Figure 2b). This establishes the self-consistency of Model C. The dynamical profiles for the two-fluid solution
of Model C are plotted in Figure 2a, where the blue and red solid lines represent the bulk flow velocity and the effective sound
speed, respectively, and the dashed lines represent the profiles for the corresponding one-fluid model developed by LB05. Note
the appearance of the smooth deceleration precursor in the two-fluid velocity profile located just upstream from the shock
location, r∗, which is qualitatively different from the sharp velocity discontinuity in the one-fluid model (e.g. LB04; LB05).
The value obtained for the shock/jet radius in Model C is r∗ = 14.78 Rg, which is comparable to the jet-launching radius
deduced in the case of M87 by Le et al. (2018).
The eigenvalues λn obtained in the application of the two-fluid Model C to M87 are plotted in Figure 3a (blue circles),
and compared to those obtained using the one-fluid model in LB07 (red circles). These quantities are also listed in Table 3.
In agreement with LB07, we find that the first eigenvalue, λ1 ∼ 4, implying that the particle acceleration process is close to
maximum efficiency. This result is consistent with the analogous case of cosmic-ray acceleration (see Blandford & Ostriker
1978; LB07). Note that the first eigenvalue λ1 is also slightly larger in the two-fluid model considered here, as compared to
the one-fluid model studied by LB07. This reflects the weakening of the shock acceleration that occurs when the back-reaction
of the accelerated particles is included in the dynamical model, as indicated by the deceleration precursor in Figure 2a. In
Figure 3b we plot the solutions for the first four spatial eigenfunctions Yn (equation 21), demonstrating that the number of
sign changes in Yn is equal to n − 1, as expected in the classical Sturm-Liouville problem.
4.1 Proton Number Conservation Equation
Following the same procedure employed by LB07, applied to the two-fluid model of interest here, we can combine our results for
the eigenvalues, eigenfunctions, and expansion coefficients in order to calculate the Green’s function, fG(Ep, r), for M87 using
the expansion in equation (27). The resulting Green’s function is plotted in Figure 4a, which depicts fG(Ep, r) as a function
of the relativistic proton energy ratio Ep/E0 at various radii r in the disc for Model C from Paper 1, where E0 = 0.002 erg is
the value of the injected seed proton energy. The corresponding proton injection rate, ÛN0, is computed by ensuring that the
power in the injected particles is equal to the power lost from the thermal gas in the disc at the shock location. Note that
fG = 0 at the injection energy (Ep = E0), except at the shock location (r = r∗), due to the acceleration of the protons as they
diffuse away from the injection radius. In Table 2 we report the model values obtained for the particle injection rate, ÛN0, the
particle escape rate, ÛNesc, and the outward and inward particle transport rates in the disc, ÛNI and ÛNII, respectively. These
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Figure 3. a) Plot of the eigenvalues for our Model C (blue), compared with the eigenvalues for Model 2 (red) from LB07 (Table 3). b)
Plots of the first four spatial eigenfunctions Yn(r) for Model C (equation 21).
Table 3. Eigenvalues λn for our Model C compared with Model 2 from LB07.
λn LB07 Model C
λ1 4.165 4.244
λ2 6.415 5.027
λ3 8.600 7.232
λ4 11.259 9.715
λ5 13.491 12.175
λ6 17.678 15.793
λ7 19.022 18.796
λ8 23.792 22.327
λ9 27.211 27.166
λ10 29.513 29.426
various quantities are related via the proton number conservation equation, which requires that
ÛNI − ÛNII = ÛN0 − ÛNesc . (30)
Note that in the inner region (r < r∗), the particle transport is in the inward direction, towards the event horizon, and therefore
ÛNII < 0. Conversely, in the outer region (r > r∗), particles are transported in the outward direction, and therefore ÛNI > 0.
Furthermore, | ÛNI |  | ÛNII |, which indicates that the particle distribution is strongly attenuated for r > r∗ due to the dominance
of inward-bound advection over outward-bound diffusion (see Table 2). The attenuation of the particle distribution in the
outer region is also apparent in Figure 4a.
4.2 Escaping Particle Distribution
A primary objective in this study is to characterize the energy distribution of the relativistic protons in the jet escaping
from the accretion disc in M87, which generate the observed TeV emission by colliding with ambient protons in clouds or
stellar atmospheres in the jet’s path. The jet originates as an outflow of plasma blobs containing an isotropic distribution of
relativistic protons, surrounded by closed magnetic field lines. Here, we are mainly interested in processes occurring near the
base of the jet, since the TeV flare emission seems to be generated when the outflow collides with a cloud or stellar atmosphere
located within ∼ 0.01 − 0.1 pc from the black hole. On such small scales, the outflow is only mildly relativistic, with speed
∼ 0.01 c (Biretta & Junor 1995; Junor, Biretta, & Livio 1999).
We can write down an expression for the energy distribution of the particles escaping from the disc, denoted by ÛNesc
E
(Ep),
by integrating equation (13) with respect to energy and volume, which yields
ÛNescE (Ep) = (4pi Ep)2r∗H∗cA0 fG(Ep, r∗) , (31)
where ÛNesc
E
dEp denotes the number of protons escaping from the disc per unit time with energy between Ep and Ep + dEp.
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Figure 4. a) Plots of the solution for the relativistic particle Green’s function fG(Ep, r) at various radii inside the disc, in units of
erg−3cm−3, computed using equation (27) for Model C. b) Plots of the escaping proton energy distribution ÛN escE (Ep ) (blue) and energy
distribution Ep ÛN escE (Ep ) (red), evaluated using equation (31) for Model C.
The protons escape from the disc in the vicinity of the shock, which has a thickness comparable to the magnetic coherence
length, λmag ∼ 0.85 Rg in the specific case of Model C (see Paper 1). The shock thickness is indicated by the extent of the
smooth deceleration precursor visible in the plot of the velocity in Figure 2. The total number of particles escaping from the
disc per second, ÛNesc, as well as the total energy escape rate, Lesc, are computed using the integrals
ÛNesc =
∫ ∞
E0
ÛNescE (Ep) dEp = 4pi r∗H∗cA0n∗ , (32)
and
Lesc =
∫ ∞
E0
ÛNescE (Ep)Ep dEp = 4pi r∗H∗cA0U∗ , (33)
where n∗ ≡ nrel(r∗) and U∗ ≡ Urel(r∗) represent the relativistic particle number and energy densities at the shock location,
respectively. The values obtained for Lesc via equation (33) agree well with those listed for Ljet in Table 1 from Paper 1, thus
confirming that our model satisfies global energy conservation (see equation 7). The escaping particle energy distribution,
ÛNesc
E
(Ep), for Model C is plotted in Figure 4b. In Section 5, we will use the energy distribution of the escaping protons
to compute the secondary radiation spectrum generated when the jet of relativistic protons collides with a cloud or stellar
atmosphere in its path.
The computational domain for our problem comprises the base of the jet, where not much collimation or acceleration
has yet occurred. On larger scales, the M87 outflow becomes relativistic and is collimated either hydrodynamically or hydro-
magnetically (see, e.g. Lucchini et al. 2019; Park et al. 2019; Hervet et al. 2017). In order to calculate the asymptotic Lorentz
factor of the jet, Γ∞, we assign a fluid character to the outflow. As the jet propagation proceeds, the plasma expands and
the flow accelerates due to the work done by the plasma blob. This process essentially converts stochastic internal energy of
the relativistic particles into directed kinetic energy. We can therefore estimate the asymptotic Lorentz factor of the jet by
writing
Γ∞ =
〈Eesc〉
mpc2
, (34)
where the mean energy of the escaping protons is given by
〈Eesc〉 ≡ Urel(r∗)nrel(r∗)
. (35)
The values we obtain for Γ∞ are reported in Table 2.
4.3 Self-Consistency of the Number and Energy Density Distributions
In Paper 1, we used the two-fluid hydrodynamical model to compute the relativistic proton number and energy density
distributions in the accretion disc. This was accomplished by numerically solving second-order ordinary differential equations
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Figure 5. Plots of solutions for a) the relativistic particle number density, nrel(r), b) the relativistic particle energy density, Urel(r), and
c) the average proton energy, 〈Ep 〉/E0, computed in cgs units for M87 using Model C. The solid lines represent the solutions obtained
by numerically integrating the differential equations (36) and (37), and the filled circles represent the corresponding results obtained via
term-by-term integration of the Green’s function using equation (38). The shock location at r = r∗ is indicated. The agreement between
the various results confirms the validity of our solution for the Green’s function.
for the total relativistic particle number density, nrel(r), and the total relativistic particle energy density, Urel(r), given by
Hυr
dnrel
dr
= −nrel
r
d
dr
(rHυr ) + 1r
d
dr
(
rHκ
dnrel
dr
)
+
ÛN0δ(r − r∗)
4pir∗
− A0cH∗δ(r − r∗)nrel , (36)
and
Hυr
dUrel
dr
= −γrelUrel
r
d
dr
(rHυr ) + 1r
d
dr
(
rHκ
dUrel
dr
)
+
ÛN0E0δ(r − r∗)
4pir∗
− A0cH∗δ(r − r∗)Urel , (37)
respectively.
In the present paper, we have obtained the series solution for the Green’s function fG(Ep, r), given by equation (27).
Term-by-term integration of the expansion in equation (27) yields the expressions (see equations 11)
nrel(r) ≡ 4pi E30
Nmax∑
n=1
bnYn(r)
λn − 3 ,
Urel(r) ≡ 4pi E40
Nmax∑
n=1
bnYn(r)
λn − 4 ,
(38)
where we generally set Nmax = 10 in our applications to M87.
With the availability of equations (36), (37), and (38), we have two different ways in which to compute the solutions
for the relativistic proton number and energy densities, nrel(r) and Urel(r), respectively. Hence the validity of the solution
for the Green’s function can be evaluated by comparing the results computed using the two separate methods. The various
results for nrel(r) and Urel(r) for Model C are compared in Figures 5a and 5b, respectively, where the solid lines represent the
solutions to the second-order equations (36) and (37), respectively, and the black filled circles represent the results obtained
via term-by-term integration of the Green’s function (equations 38). The corresponding profiles for the average proton energy
〈Ep〉(r) are plotted in Figure 5c, where
〈Ep〉(r) = Urel(r)nrel(r)
. (39)
The excellent agreement between the profiles of nrel(r), Urel(r), and 〈Ep〉(r) computed using equations (36) - (39) confirms the
validity of the analysis involved in deriving the Green’s function.
5 SECONDARY RADIATION FROM JET-CLOUD INTERACTION
In order to compare our theoretical model predictions with the TeV flare data obtained during the high-energy transients
observed from M87 in 2004, 2005, and 2010, we need to compute the γ-ray spectrum produced when the relativistic proton jet
collides with the cloud or stellar atmosphere in its path. Collisions between protons in the jet and the cloud produce nuclear
reactions that generate secondary radiation via a cascade that begins with muon production and decay. This process has been
reviewed by e.g. Eilek & Kafatos (1983), Barkov et al. (2012), Bjo¨rnsson (1999), and Dermer & Menon (2009). The collision
scenario is illustrated in Figure 6, in which the conical jet has half-angle θ, and the line of sight to Earth is situated within
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the jet propagation path (e.g. A09). The interaction of the jet with the ambient gas in the cloud generates proton-proton (pp)
reactions, resulting in the creation of neutral and charged pions, represented by pi 0, pi + and pi −, respectively. In addition to
the TeV emission generated by pp collisions, leptons in the jet will generate SSC emission that contributes to the observed
spectrum from radio wavelengths up to GeV energies (Finke et a. 2008).
5.1 Cross-Field Diffusion from Corona into Outflow
As discussed in Section 1.2, the Fermi-LAT observations of M87 in the GeV energy range obtained in 2008-2009 are not
contemporaneous with any of the TeV flares detected by VERITAS or HESS. However, following B12 and Fraija & Marinelli
(2016), we will nonetheless use the Fermi-LAT data to constrain the multi-wavelength fits developed here. In order to avoid
over-producing GeV emission beyond the level observed by Fermi-LAT, B12 introduced a low-energy cutoff in the proton
distribution at an energy Ep ∼ 1 TeV. The low-energy cutoff imposed by B12 was arbitrary, and no associated physical
mechanism was suggested. This has motivated us to reconsider the possible physical basis for a low-energy cutoff in the proton
distribution striking the cloud or stellar atmosphere. We propose that the low-energy cutoff in the jet proton distribution can
be explained as a consequence of energy-dependent cross-field Bohm diffusion from the corona into the blobs of plasma that
form the base of the jet outflow. Cross-field diffusion is necessary if the blobs are surrounded by closed magnetic field lines.
We provide a quantitative description of this process below.
In the scenario considered here, the protons diffuse vertically out of the disc into the corona according to the prescription
worked out in Paper 1, and then subsequently experience cross-field diffusion from the corona into the base of the jet, forming
the proton population that eventually collides with the cloud. If the magnetic field lines in the jet outflow are not directly
connected with the corona above the accretion disc, then relativistic protons from the corona must enter the base of the jet via
cross-field diffusion, which is a process driven by resonant interactions between charged particles and MHD waves (Melrose
1998). Cross-field diffusion occurs when MHD turbulence creates an effective “wandering” of the magnetic field lines (Michalek
& Ostrowski 1998). Shalchi & Dosch (2009) demonstrated that in situations involving strong MHD turbulence, cross-field
diffusion approaches the limit of Bohm diffusion, in which the proton mean-free path, `, is comparable to the particle Larmor
radius, rL (e.g. Kroon et al. 2016),
rL =
Ep
qpB
, (40)
where qp is the proton charge, B denotes the magnetic field strength, and Ep is the proton energy. In the limit of Bohm
diffusion, we can therefore write
` ∼ rL = 3.34 × 108 cm
(
Ep
1 TeV
) (
B
10 G
)−1
. (41)
The energy threshold for cross-field diffusion depends on the details of the resonance between the protons and the MHD waves
propagating in the local magnetic field. We argue below that cross-field diffusion creates a filter that blocks low-energy protons
from diffusing into the base of the jet outflow.
The MHD wave distribution is expected to follow a Kraichnan or Kolmogorov wavenumber distribution (Dermer et al.
1996), extending from a maximum driving wavelength, λ∗, comparable to the disc half-height H∗, down through an inertial
range, to terminate at a dissipation scale, λdiss, corresponding to the onset of the particle resonance. The resonance condition
for interactions between Alfve´n (or magnetosonic) waves and charged particles with velocity υ and pitch angle cosine µ can
be written as (Miller 1991; Melrose 1998)
ω − k υ cos φµ ± nΩ = 0 , (42)
where φ is the angle between the wave vector and the magnetic field direction, n is the harmonic number, and Ω denotes the
relativistic gyrofrequency, computed using
Ω =
qB
γpmpc
=
c
rL
. (43)
The harmonic number n = 0 corresponds to resonance with the parallel electric field, and is associated with magnetosonic
waves. On the other hand, the positive integer values n = 1, 2, 3, . . . correspond to resonances with the transverse electric field,
and are associated with Alfve´n waves.
The dispersion relation for Alfve´n and magnetosonic waves is given by
ω = υAk | cos φ| , (44)
where k = 2pi/λ is the wavenumber and υA is the Alfve´n velocity for a plasma with mass density ρ, computed using
υA =
B√
4piρ
. (45)
For particles with υ  υA, it follows that ω  kυ, in which case the most important resonance for waves propagating parallel
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to the field (cos φ = 1) is the cyclotron resonance, with harmonic number n = 1 (Miller 1991; Michalek & Ostrowski 1998). In
this case, the resonance condition in Equation (42) reduces to
k =
Ω
c |µ| , (46)
where we have set υ = c for relativistic particles. Solving for the resonant wavelength yields
λ = 2pirL |µ| , (47)
which can be expressed in terms of the proton energy, Ep, as
λ =
2pi |µ|
qB
Ep = 2.10 × 109 cm
(
B
10 G
)−1 ( Ep
1 TeV
)
|µ| . (48)
A proton with energy Ep and pitch angle cosine µ will resonate with Alfve´n waves with wavelength λ given by Equa-
tion (48), and will therefore experience cross-field diffusion from the corona into the base of the jet outflow. Setting µ = ±1
yields the maximum resonant wavelength for a proton with energy Ep, given by
λmax =
2pi
qB
Ep = 2.10 × 109 cm
(
B
10 G
)−1 ( Ep
1 TeV
)
. (49)
The critical proton energy for Bohm diffusion, Ec , is therefore obtained by setting λdiss = λmax, where λdiss is the dissipation
scale for the MHD turbulence. The result obtained for the critical energy is
Ec = 0.48 TeV
(
λdiss
109 cm
) (
B
10 G
)
. (50)
Protons with energy Ep & Ec will resonate with MHD waves, and will therefore experience cross-field Bohm diffusion from the
corona into the base of the jet. Conversely, protons with energy Ep . Ec will remain in the corona, rather than participating
in the jet outflow (Dermer 1988). Since the details of the wave dissipation are not very well understood, we will treat λdiss as a
free parameter in our numerical calculations. The values B ∼ 10 G and λdiss ∼ 109 cm are comparable to the field strengths and
sizes associated with typical solar CME events, and may also be appropriate scales for transients occurring in AGN accretion
discs and coronae, if the magnetic field is close to equipartition value (see Paper 1).
Rather than imposing a hard cutoff at the critical proton energy Ep = Ec , as employed by B12, we will simulate the
stochastic effect of cross-field Bohm diffusion into the base of the outflow by using a smooth low-energy attenuation function
given by
FBohm(Ep) = e−Ec/Ep . (51)
The utilization of a smooth function, rather than a hard cutoff, is motivated by the fact that Bohm diffusion is fundamentally a
three-dimensional random walk, and consequently one does not expect a sharply defined transition energy. The value adopted
for the critical energy in our simulations is Ec = 0.624 TeV, corresponding to a critical proton Lorentz factor γc ∼ 665. The
exponential attenuation in the function FBohm(Ep) at low energies reflects the fact that most of the protons with energy
Ep . Ec are unable to diffuse into the base of the jet, and are confined to the corona.
5.2 Proton Flux Striking Cloud
Next we consider the production of γ-rays resulting from the decay of neutral pions created in collisions between relativistic
jet protons and stationary protons in the cloud. The protons in the jet originate in the accretion disc and are energized as
a result of Fermi acceleration at the standing shock, located at radius r∗. The proton distribution is assumed to be isotropic
in the frame of the outflowing plasma blob. In our application, the target cloud (or stellar atmosphere) is located within
∼ 0.01 − 0.1 pc from the central black hole. Biretta & Junor (1995) have shown that the outflow speed of the M87 jet within
this distance range is ∼ 0.01 c, and consequently no significant Doppler boosts or relativistic corrections are required in moving
between the blob frame and the frame of the target cloud or stellar atmosphere. In this situation, the flux of jet protons, Ip,
escaping from the disc and striking the cloud at radius Rc from the black hole, is given by
Ip(Ep) =
ÛNesc
E
(Ep)
Ac
FBohm(Ep) ∝ erg−1 cm−2 s−1 , (52)
where ÛNesc
E
denotes the energy distribution of the escaping protons (equation 31), and FBohm(Ep) is the attenuation function
for the proton distribution, due to cross-field Bohm diffusion from the corona into the base of the jet outflow, as described
by equation (51). The factor Ac in equation (52) represents the cross-sectional area of the conical jet at radius Rc , and is
computed using (see Figure 6)
Ac = pi R2cθ
2 , (53)
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Figure 6. Schematic representation of secondary γ-ray production due to jet of relativistic protons striking a cloud or stellar atmosphere,
as seen from Earth.
where θ is the half-angle of the jet. Combining equations (31), (52) and (53) gives for the incident proton flux impinging on
the target cloud
Ip(Ep) = 16pi
R2cθ2
r∗H∗cA0E2p fG(Ep, r∗) FBohm(Ep) . (54)
The mean energy of the protons in the isotropic distribution striking the cloud, 〈Ep〉jet, is computed using
〈Ep〉jet =
∫ Ep,max
E0
Ip(Ep)EpdEp∫ Ep,max
E0
Ip(Ep)dEp
, (55)
where Ip(Ep) denotes the proton distribution striking the cloud (equation 54), which includes the filtering effect of cross-field
Bohm diffusion through the function FBohm(Ep), defined in equation (51). Hence 〈Ep〉jet is expected to be much larger than
the mean energy of the protons escaping from the disc, denoted by 〈Ep〉 (equation 39). The mean Lorentz factor of the jet is
related to the mean proton energy, 〈Ep〉jet, via
〈γ〉jet =
〈Ep〉jet
mpc2
. (56)
The value of 〈γ〉jet will be computed for each of the numerical examples considered here when we analyze each of the M87
flares observed in 2004, 2005, and 2010.
5.3 Pion Production and Decay
The TeV γ-ray energy spectrum produced when the jet of relativistic protons collides with a cloud or stellar atmosphere is
generated via inelastic proton-proton (pp) interactions, with subsequent secondary nuclear decay of neutral pions pi 0 and η
mesons into γ-rays. The decay scheme for this is generally written as (e.g. Dermer & Menon 2009)
p + p→ pi 0 + X → 2γ + X , (57)
where X represents all other products generated in the reaction. The secondary interactions can also result in the production of
charged pions pi ± and other secondaries which decay into high-energy neutrinos, as well as secondary electrons and positrons,
all of which can contribute to the SED of an astrophysical source. The charged pions decay according to
p + p→ pi ± + X → µ± + X → e± + X , (58)
where X represents additional decay products such as νµ, ν¯µ, νe, and ν¯e. K06 pointed out that ∼ 95% of the observed γ-rays
are produced via pi 0 decay rather than pi ± decay, and consequently we shall focus on pi 0 decays here.
The proton-proton interactions are governed by the inelastic cross section (see equation 79 from K06)
σpi(Ep) =
(
34.3 + 1.88W + 0.25W2
) [
1 −
(
Eth
Ep
)4]2
× 10−27 cm2 , (59)
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Figure 7. Cross-section of a relativistic proton jet with incident flux Q0 propagating through a cloud or stellar atmosphere.
where Ep is the energy of the proton, Eth = 1.22 × 10−3 TeV is the threshold energy for production of pi0 mesons, and
W = ln
(
Ep
1 TeV
)
. (60)
Equation (59) represents an approximate numerical fit to the data in the SIBYLL code, and is valid for both high and low
proton energies (K06).
In order to compute the γ-ray spectrum resulting from pion decay, we must first describe the geometry of the jet-cloud
interaction. Figure 7 depicts the jet colliding with a cloud of radius L0, where Q0 represents the incident flux of jet protons
and np denotes the target proton number density. The probability that an incident proton with energy Ep in the jet will
collide with a target proton in the cloud to produce a pion in the differential distance between L and L + dL is equal to
dPpi = npσpi(Ep) dL , (61)
where σpi(Ep) is the cross section for pp pion production (equation 59). It follows that the flux of protons, Q, penetrating the
cloud is exponentially attenuated by pion production, so that we have
Q(Ep, L) = Q0 e−npσpi(Ep )L , (62)
where Q0 is the incident proton flux impinging on the cloud. The survival probability for protons to cross to the other side of
the spherical cloud without producing a pion can therefore be estimated using
Psurvive(Ep) =
Q(Ep, L0)
Q0
= e−npσpi(Ep )L0 , (63)
and consequently, the probability that an incident proton will produce a pion somewhere inside the cloud is equal to
Ppi(Ep) = 1 − Psurvive = 1 − e−npσpi(Ep )L0 . (64)
For typical cloud densities and sizes, at high proton energies, npσpi(Ep)L0  1, and therefore we can linearize equation (64)
to obtain for the pion production probability per incident proton
Ppi(Ep) = npσpi(Ep)L0 . (65)
5.4 Gamma-ray Spectrum
Next we calculate the γ-ray spectrum observed at Earth as a result of neutral pion decays generated when the jet of relativistic
protons collides with a cloud or stellar atmosphere. Formally, the specific γ-ray energy flux observed at Earth is given by
FE (E) =
(
Rc
D
)2
F ′E (E) ∝ erg TeV−1 cm−2 s−1 , (66)
where D is the distance from the black hole to Earth, Rc is the distance from the black hole to the target cloud, and F ′E is the
specific γ-ray flux measured in the frame of the cloud. The γ-ray flux measured in the frame of the cloud due to contributions
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from all incident proton energies, Ep, is computed using
F ′E (E) =
∫ dF ′E
dEp
dEp , (67)
where dF ′E/dEp is the differential γ-ray flux due to protons with a specific energy Ep. As discussed in detail by K06, there are
two energy regimes of interest, depending on whether the energy E of the outgoing γ-ray produced at the end of the cascade
is above or below 0.1 TeV. We treat each of these cases separately below.
5.4.1 Gamma-ray Energy E ≥ 0.1TeV
In the frame of the cloud, the differential γ-ray flux, due to protons with a specific energy Ep, is given by (K06)
dF ′E
dEp
= Ip(Ep)Ppi(Ep) EEp FK
(
E
Ep
, Ep
)
∝ TeV−1 cm−2 s−1 . (68)
Here, FK represents the number of photons produced in the dimensionless photon energy interval (x, x+dx) per proton collision,
where x = E/Ep. Based on fits to results obtained using the SIBYLL code (see equation 58 of K06), FK can be approximated
in the γ-ray energy range 0.1 TeV ≤ Ep ≤ 105 TeV using the analytical expression
FK(x, Ep) = B ln(x)x
[
1 − xβ
1 + kxβ(1 − xβ)
]4 [ 1
ln(x) −
4βxβ
1 − xβ −
4kβxβ(1 − 2xβ)
1 + kxβ(1 − xβ)
]
, (69)
where the parameters B, β and k are defined by
B = 1.30 + 0.14W + 0.011W2 , (70)
β =
1
1.7 + 0.11W + 0.008W2
, (71)
k =
1
0.801 + 0.049W + 0.014W2
, (72)
and W is computed using equation (60). By combining equations (67) and (68), we find that the γ-ray flux in the frame of
the cloud for photon energies E ≥ 0.1 TeV is given by
F ′E (E) =
∫ Ep,max
E
Ip(Ep)Ppi(Ep) EEp FK
(
E
Ep
, Ep
)
dEp , E ≥ 0.1 TeV , (73)
where the upper bound Ep,max is the maximum proton energy, which is treated as a free parameter, as discussed in Section 6.
5.4.2 Gamma-ray Energy E ≤ 0.1TeV
Following the development in K06, we find that a different approach needs to be utilized in order to compute the observed
γ-ray spectrum for the case with photon energy E < 0.1 TeV. In this case, the pion distribution function has a delta-function
dependence on the proton kinetic energy, Ekin = Ep − mpc2, and therefore we can write the pion energy as (see equation 75
from K06)
Epi = KpiEkin = Kpi(Ep − mpc2) , (74)
where the constant Kpi = 0.17, based on fits to the output from the SYBILL code at low energies, 1 GeV ≤ E ≤ 0.1 TeV. In the
low-energy regime, we therefore find that Equation (68) can be written as
dF ′E
dEp
=
2 E√
E2pi − m2pic4
Ip(Ep)Ppi(Ep) ∝ TeV−1 cm−2 s−1 , (75)
where the factor 2/(E2pi −m2pic4)1/2 represents the γ-ray distribution resulting from neutral pion decay (see equation 1-88 from
Stecker 1971).
By analogy with equation (73), we conclude that the flux of γ-rays with energy E ≤ 0.1 TeV measured in the frame of
the cloud, resulting from collisions with jet protons of all energies, is given by the integral
F ′E (E) =
∫ Ep,max
Ep,min
2 E√
E2pi − m2pic4
Ip(Ep)Ppi(Ep) dEp , E ≤ 0.1 TeV , (76)
where Epi is evaluated as a function of Ep using equation (74), and the upper energy bound, Ep,max is a free parameter. The
low-energy bound, Ep,min, in equation (76) is defined by
Ep,min =
Epi,min
Kpi
+ mpc2 , (77)
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Table 4. Model parameters for comparison with the 2010 VERITAS data, with ξ = 6.21 × 1025 cm−2.
θ (◦) Ψ (cm−2) L0 (cm) np (cm−3) ∆t (days) rj (cm) zc (cm)
2 7.56 × 1022 1013 7.56 × 109 5 1.12 × 1015 3.21 × 1016
. . . . . . . . . . . . 6 1.27 × 1015 3.62 × 1016
. . . . . . . . . . . . 7 1.40 × 1015 4.01 × 1016
. . . . . . 1014 7.56 × 108 5 1.12 × 1015 3.21 × 1016
. . . . . . . . . . . . 6 1.27 × 1015 3.62 × 1016
. . . . . . . . . . . . 7 1.40 × 1015 4.01 × 1016
10 1.89 × 1024 1013 1.89 × 1011 5 1.92 × 1015 1.08 × 1016
. . . . . . . . . . . . 6 2.16 × 1015 1.22 × 1016
. . . . . . . . . . . . 7 2.40 × 1015 1.35 × 1016
. . . . . . 1014 1.89 × 1010 5 1.92 × 1015 1.08 × 1016
. . . . . . . . . . . . 6 2.16 × 1015 1.22 × 1016
. . . . . . . . . . . . 7 2.40 × 1015 1.35 × 1016
17 5.46 × 1024 1013 5.46 × 1011 5 2.29 × 1015 7.37 × 1015
. . . . . . . . . . . . 6 2.58 × 1015 8.32 × 1015
. . . . . . . . . . . . 7 2.86 × 1015 9.22 × 1015
. . . . . . 1014 5.46 × 1010 5 2.29 × 1015 7.37 × 1015
. . . . . . . . . . . . 6 2.58 × 1015 8.32 × 1015
. . . . . . . . . . . . 7 2.86 × 1015 9.22 × 1015
where Epi,min = E + m2pic
4/(4E) is the minimum pion energy required to produce a γ-ray with energy E (Stecker 1971).
We are now in a position to compute the γ-ray spectrum observed at Earth, denoted by FE (E). By combining equations
(54), (65), (66), (67), (73), and (76), we find that in the photon energy range E ≥ 0.1 TeV, the observed γ-ray spectrum is
given by
FE (E) = 16pi ξ
D2
r∗H∗cA0 E
∫ Ep,max
E
Ep fG(Ep, r∗) FBohm(Ep)σpi(Ep)FK
(
E
Ep
, Ep
)
dEp , E ≥ 0.1 TeV , (78)
and in the photon energy range E ≤ 0.1 TeV, the spectrum FE (E) is given by
FE (E) = 32pi ξ
D2
r∗H∗cA0 E
∫ Ep,max
Ep,min
E2p√
E2pi − m2pic4
fG(Ep, r∗) FBohm(Ep)σpi(Ep) dEp , E ≤ 0.1 TeV , (79)
where Epi is computed using equation (74), the lower bound Ep,min is computed using equation (77), and the upper bound
Ep,max is a free parameter. The similarity parameter ξ appearing in equations (78) and (79) is defined by
ξ ≡ Ψ
θ2
∝ cm−2 , (80)
where θ denotes the half-angle of the proton jet, and the column density of the cloud or stellar atmosphere, Ψ, is computed
using
Ψ ≡ npL0 . (81)
It is interesting to note that the observed γ-ray flux, FE (Ep), depends on the cloud density np, the cloud radius L0, and the
half-angle θ only through the similarity parameter ξ, which is varied in order to obtain acceptable fits to the observed TeV
γ-ray spectra.
6 APPLICATION TO M87
The theoretical framework developed in the preceding sections can now be used to compute the spectrum of secondary TeV
γ-rays generated when the jet of relativistic protons collides with a cloud or stellar atmosphere, and the results can be
compared with the observations of M87 obtained using HESS and VERITAS. The calculations we perform here are based
on Model C from Paper 1, for which we set the black hole mass M = 6.5 × 109 M (Akiyama et al. 2019), the accretion
rate ÛM = 1.51 × 10−1 M yr−1, the jet luminosity Ljet = 5.5 × 1043 erg s−1, the shock radius r∗ = 14.780, the entropy ratio
Kth/Krel = 65, 000, the diffusion coefficient κ0 = 0.03, the upstream energy transport rate − = −0.001073, and the specific
angular momentum `0 = 3.1340 (see Tables 1 and 2).
With the dynamical model for the disc and the jet outflow determined as described above, there are few additional free
parameters that also need to be specified in order to compute the TeV γ-ray spectrum produced when the jet collides with
the cloud or stellar atmosphere. These quantities are the similarity parameter, ξ, the critical proton energy for cross-field
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Table 5. Model parameters for comparison with the 2005 HESS data, with ξ = 1.56 × 1025 cm−2.
θ (◦) Ψ (cm−2) L0 (cm) np (cm−3) ∆t (days) rj (cm) zc (cm)
2 1.90 × 1022 1013 1.90 × 109 5 1.12 × 1015 3.21 × 1016
. . . . . . . . . . . . 6 1.27 × 1015 3.62 × 1016
. . . . . . . . . . . . 7 1.40 × 1015 4.01 × 1016
. . . . . . 1014 1.90 × 108 5 1.12 × 1015 3.21 × 1016
. . . . . . . . . . . . 6 1.27 × 1015 3.62 × 1016
. . . . . . . . . . . . 7 1.40 × 1015 4.01 × 1016
10 4.74 × 1023 1013 4.74 × 1010 5 1.92 × 1015 1.08 × 1016
. . . . . . . . . . . . 6 2.16 × 1015 1.22 × 1016
. . . . . . . . . . . . 7 2.40 × 1015 1.35 × 1016
. . . . . . 1014 4.74 × 109 5 1.92 × 1015 1.08 × 1016
. . . . . . . . . . . . 6 2.16 × 1015 1.22 × 1016
. . . . . . . . . . . . 7 2.40 × 1015 1.35 × 1016
17 1.37 × 1024 1013 1.37 × 1011 5 2.29 × 1015 7.37 × 1015
. . . . . . . . . . . . 6 2.58 × 1015 8.32 × 1015
. . . . . . . . . . . . 7 2.86 × 1015 9.22 × 1015
. . . . . . 1014 1.37 × 1010 5 2.29 × 1015 7.37 × 1015
. . . . . . . . . . . . 6 2.58 × 1015 8.32 × 1015
. . . . . . . . . . . . 7 2.86 × 1015 9.22 × 1015
Table 6. Model parameters for comparison with the 2004 HESS data, with ξ = 3.11 × 1024 cm−2.
θ (◦) Ψ (cm−2) L0 (cm) np (cm−3) ∆t (days) rj (cm) zc (cm)
2 3.78 × 1021 1013 3.78 × 108 5 1.12 × 1015 3.21 × 1016
. . . . . . . . . . . . 6 1.27 × 1015 3.62 × 1016
. . . . . . . . . . . . 7 1.40 × 1015 4.01 × 1016
. . . . . . 1014 3.78 × 107 5 1.12 × 1015 3.21 × 1016
. . . . . . . . . . . . 6 1.27 × 1015 3.62 × 1016
. . . . . . . . . . . . 7 1.40 × 1015 4.01 × 1016
10 9.46 × 1022 1013 9.46 × 109 5 1.92 × 1015 1.08 × 1016
. . . . . . . . . . . . 6 2.16 × 1015 1.22 × 1016
. . . . . . . . . . . . 7 2.40 × 1015 1.35 × 1016
. . . . . . 1014 9.46 × 108 5 1.92 × 1015 1.08 × 1016
. . . . . . . . . . . . 6 2.16 × 1015 1.22 × 1016
. . . . . . . . . . . . 7 2.40 × 1015 1.35 × 1016
17 2.73 × 1023 1013 2.73 × 1010 5 2.29 × 1015 7.37 × 1015
. . . . . . . . . . . . 6 2.58 × 1015 8.32 × 1015
. . . . . . . . . . . . 7 2.86 × 1015 9.22 × 1015
. . . . . . 1014 2.73 × 109 5 2.29 × 1015 7.37 × 1015
. . . . . . . . . . . . 6 2.58 × 1015 8.32 × 1015
. . . . . . . . . . . . 7 2.86 × 1015 9.22 × 1015
Bohm diffusion, Ec , and the maximum proton energy, Ep,max. The values of these parameters are varied in order to obtain
reasonable fits to the γ-ray spectra detected by HESS and VERITAS during the flares observed in 2004, 2005, and 2010. In
addition to the requirement of matching the observed γ-ray spectra, there are also additional self-consistency constraints on
the parameters, related to the observed variability timescale, and the necessity of locating the cloud or stellar atmosphere
above the disc half-thickness H∗. We explore the implications of these additional constraints below.
Following the interpretation of B12, we posit that the variability timescale, ∆t ∼ several days, associated with the γ-ray
transients observed in 2004, 2005 and 2010 is due to the passage of a cloud or stellar atmosphere, moving through the jet funnel
with the local Keplerian velocity at a radius Rc from the central black hole. We note that the variability in the B12 scenario
is partly due to the evolution of the cloud, due to the absorption of energy from the jet. In our approach, the evolution of the
cloud properties is neglected, but we expect that this process would not have a significant effect on the variability properties
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Figure 8. Plots of our theoretical TeV radiation spectrum (equations 78 and 79, red dashed lines), combined with the leptonic SSC
model from A09 (blue dashed lines). The total theoretical spectra are indicated by the solid magenta lines. The theoretical spectra are
compared with the Fermi-LAT data from A09 and the TeV spectra detected by a) VERITAS (2010), b) HESS (2005), and c) HESS
(2004).
of the transient γ-ray emission considered here. The variability timescale is therefore computed using
∆t =
2 rj
VKep
, (82)
where the radius of the jet funnel, rj , is given by
rj = θRc , (83)
and the local Keplerian velocity is defined by
VKep =
(
GM
Rc
)1/2
. (84)
By combining equations (82), (83) and (84), we obtain
∆t =
2 θ√
GM
R3/2c . (85)
Hence, the requirement of a variability timescale ∆t ∼ a few days creates a constraint on the two parameters Rc and θ which
must be satisfied in our attempts to fit the observed high-energy spectra.
We must also ensure that the cloud or stellar atmosphere is located outside the vertically extended accretion disc. This
geometrical condition can be written as
zc > H∗ , (86)
where the altitude of the cloud above the disc plane, zc , is given by
zc = Rc cos θ , (87)
and H∗ is the half-thickness of the disc at the shock radius, r∗, which is the point of origin of the jet outflow. We note that based
on the value of H∗ stated in gravitational units in Table 1, combined with the black hole mass for M87 (M = 6.5× 109 M), we
obtain in cgs units H∗ = 7.19 × 1015 cm. In addition, we must also require that the radius of the jet funnel, rj , is larger than
the cloud radius, L0,
rj > L0 , (88)
in order to ensure that the variability timescale is correctly computed using equation (82). We have confirmed that all of these
constraints are satisfied for all of the calculations performed here, as documented in Tables 4, 5, and 6 for the 2010 VERITAS,
2005 HESS, and 2004 HESS data sets, respectively.
6.1 Constructing the SED
The hadronic model developed here is capable of reproducing the VERITAS and HESS data for the 2004, 2005, and 2010 TeV
flares observed from M87. However, in order to develop an integrated physical description of the source, we need to compute
the complete multi-wavelength spectrum, extending from radio wavelengths up the TeV energies. We can accomplish this by
creating a superposition that combines our model with the one-zone leptonic SSC jet model of Finke et al. (2008). We argue
that a superposition of the two models is reasonable since the radiating particle populations in the two scenarios are separate.
Following A09 and Fraija & Marinelli (2016), we will use the Fermi-LAT data to constrain the multi-wavelength fits, and we
will demonstrate that a superposition of our model with the SSC model of Finke et al. (2008) is able to fit the entire SED.
In order to construct the γ-ray energy spectrum for M87 using our model for a jet of relativistic protons emanating from a
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two-fluid accretion disc, we must vary the three free parameters ξ, Ec , and Ep,max with the goal of obtaining acceptable fits to
the TeV γ-ray spectrum for either the 2004, 2005, or 2010 flare data. The multi-wavelength observations for a given flare are
compared with the theoretical spectrum obtained by combining our computation of the TeV emission with the leptonic SSC
spectrum for M87 presented by A09. As discussed in Section 5.1, we set the critical energy for cross-field Bohm diffusion into
the base of the jet using Ec = 0.624 TeV. The maximum proton energy Ep,max appearing in equations (78) and (79) determines
the slope of the theoretical TeV spectrum, and therefore this parameter varies depending on the data set analyzed. Likewise,
the similarity parameter ξ determines the efficiency of the γ-ray production process, and therefore its value is different for
each observed flare.
In Figures 8a, 8b, and 8c, we plot the multi-wavelength spectra computed using our model and compare it with the
observational data for the M87 flares observed in 2010, 2005, and 2004, respectively. The associated parameter values are
listed in Tables 4, 5, and 6 for the 2010 VERITAS, 2005 HESS, and 2004 HESS flares, respectively. We note that the fits to
the data are reasonably good across the entire multi-wavelength range. For a given value of ξ, a range of values exists for
the jet half-angle, θ, the cloud radius, L0, and the cloud’s proton number density, np (see equations 80 and 81). Once the
half-angle θ and the cloud radius L0 has been specified, we can use equation (80) to compute the proton number density np
for the target cloud or stellar atmosphere. Various authors have adopted different values for the jet half-angle θ. For example,
B12 set θ = 2◦, A09 set θ = 10◦, and Walker et al. (2018) set θ = 17◦. We consider these three values of θ to be a reasonable
representation of the expected range for this parameter for M87. We also select three representative values for the variability
timescale, ∆t, namely ∆t = 5, 6, 7 days, which approximates the observed range for the three flares studied here.
The distance between the black hole and the cloud, Rc , is computed using equation (85), the altitude of the cloud above
the disc plane, zc , is computed using equation (87), and the jet radius, rj , is computed using equation (83). Note that the
vertical height of the cloud above the disc, zc , remains greater than the disc half-thickness at the shock location, H∗, and the
jet radius, rj , exceeds the cloud radius, L0, in satisfaction of equations (86) and (88), respectively.
Each data set requires a unique value for the similarity parameter ξ, with ξ = 6.21 × 1025 cm−2, 1.56 × 1025 cm−2, 3.11 ×
1024 cm−2 for the 2010, 2005, and 2004 flares, respectively. In each case, the jet half-angle, θ, can have any of the three values
considered here, θ = 2◦, 10◦, 17◦. Since the jet properties are assumed to remain constant over very long timescales, it follows
that the value of θ should be held constant for all of the flares considered here. This indicates that the different properties of
the three TeV flares observed from M87 using VERITAS and HESS resulted from differences in the properties of the target
cloud or stellar atmosphere, and not from a variation in the jet dynamics. The clouds hit by the M87 jet had different column
densities for each data set, with the highest column density observed in 2010, and with smaller values in 2004 and 2005. This
suggests that the 2010 flare observed by VERITAS was due to a rather dense (or large) cloud passing through the jet.
Out of the three values for the jet opening half-angle θ presented in the tables, we argue that the results obtained for
θ = 10◦, adopted by A09, are the most physically reasonable. Setting θ = 17◦ results in a cloud height zc about equal to the
disc half-thickness H∗, which is probably too close to the black hole for the model developed here. Furthermore, models with
θ = 2◦ are likely to be unphysical due to geometrical restrictions that rule out jets with θ < 3◦ (Biretta et al. 1999). On the
other hand, for the value θ = 10◦, all of the restrictions given in equations (86) for the altitude of the cloud above the disc
plane, and (88) for the radius of the jet with the respect to the cloud radius, are satisfied. We note that our values for the
cloud proton number density and cloud radius are similar to those obtained by B12 in their analysis of the 2010 flare.
6.2 γ-ray Attenuation
An important issue for the observation of TeV γ-rays is the possible attenuation of the high-energy radiation inside the
target cloud. The primary attenuation mechanism for TeV emission is the production of electron-positron pairs via collisions
between the γ-ray and either a proton, an electron, or another photon. We discuss these three possibilities in detail below.
The expressions for the cross sections describing the various processes are taken from Svensson (1982, hereafter S82).
A useful quantity for comparison purposes is the Thomson optical thickness of the target cloud or red giant atmosphere,
computed using
τT = σTneL0 , (89)
where σT denotes the Thomson cross section, ne is the electron number density, and L0 is the radius of the cloud. In a fully-
ionized hydrogen cloud, ne = np, where np is the proton number density. Since the Thomson cross section σT ∼ 10−24 cm2,
it follows from the values of np and L0 listed in Tables 4, 5, and 6 that the Thomson optical depth τT ∼ 0.01 − 1.0. The
corresponding optical thickness for each pair production process, τi j , is computed using
τi j = σi jneL0 , (90)
where σi j represents the associated cross section for the process. Comparing equations (89) and (90), we see that the relative
optical depth for pair production, τi j/τT , is equal to the cross section ratio, σi j/σT , and therefore it is sufficient for our purposes
to evaluate this ratio for each process of interest here.
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6.2.1 Photon-electron (γe± → e±e+e−) pair production
The photon-electron (or photon-positron) pair production cross section is described by equation (32) from S82,
σγe(y) = 3α8pi σT
(
28
9
ln 2y − 218
27
)
(y  1) , (91)
where α = 1/137 is the fine-structure constant, and y = E/(mec2) is the dimensionless photon energy. For photon energy
E ∼ 1 TeV, we obtain y ∼ 106 and therefore σγe/σT ∼ 0.03. Since τT . 1, the resulting optical depth for photon-electron pair
production inside the cloud is τγe . 10−2, which suggests that attenuation of the γ-ray spectrum due to photon-electron pair
production is negligible.
6.2.2 Photon-proton (γp→ pe+e−) pair production
The photon-proton cross section is described by equation (41) from S82,
σγp(y) = 3α8pi σT
(
28
9
ln 2y − 218
27
)
(y  1) , (92)
which is identical to equation (91). Hence, we can immediately conclude that attenuation due to photon-proton pair production
inside the cloud is negligible.
6.2.3 Photon-photon (γγ → e+e−) pair production
The photon-photon cross section is described by equation (24) from S82,
σγγ(yCM ) =
3
8 y2CM
σT
(
2 ln 2yCM − 1
) (yCM  1) , (93)
where yCM is defined as the dimensionless photon energy in the CM frame. For photon energy E ∼ 1 MeV, we obtain yCM ∼ 2
and therefore σγγ/σT ∼ 0.2, and consequently the corresponding optical thickness is τγγ . 10−1. Since the cross section σγγ is
a monotonically decreasing function of yCM , it follows that τγγ  1 for all γ-ray energies of interest here. Hence attenuation of
the γ-ray spectrum due to photon-photon pair production is also negligible.
7 CONCLUSION
We have developed a new self-consistent model for the generation of the observed TeV emission from M87 via collisions
between a jet of relativistic protons and a cloud or stellar atmosphere located within ∼ 0.01 − 0.1 pc from the central black
hole. The model is able to reproduce the complete multi-wavelength SED for the TeV flares observed in 2004, 2005, and
2010. In Paper 1, we analyzed in detail the structure of two-fluid ADAF accretion discs, in which the structure of the flow
is influenced by the back-reaction of the relativistic particles on the thermal gas. The inclusion of the dynamical effect of
the particle pressure leads to the formation of a characteristic deceleration precursor, that smooths and weakens the shock
discontinuity, in a manner similar to that seen in studies of cosmic-ray modified shocks (Axford et al. 1977; Becker & Kazanas
2001). Our focus in this paper is on the implications of the two-fluid disc model for the formation of a jet of relativistic
protons, which can generate secondary TeV γ-ray emission via neutral pion decay when the jet encounters a cloud or stellar
atmosphere. We explore the implications of the disc and the outflows for the production of TeV γ-radiation, resulting from
collisions between the jet of relativistic protons and a cloud or stellar atmosphere located within one parsec from the central
black hole.
We applied the model to the interpretation of a series of high-energy flares observed from M87 by VERITAS and HESS
in 2004, 2005, and 2010. The scenario we consider here is based on the work of Barkov et al. (2012), who also analyzed
the production of TeV γ-rays due to collisions between a proton jet and a cloud. However, our model provides a unified
explanation for the observations, since it includes a physical mechanism for the formation of the proton jet, via particle
acceleration occurring around the standing shock in the accretion disc. A rigorous mathematical method was employed to
obtain the analytical solution for the Green’s function describing the relativistic proton distribution in the disc, which is given
by equation (27). The self-consistency of the model was confirmed via a comparison between two methods for computing the
energy density of the relativistic protons in the disc, denoted by Urel(r). One method employs numerical integration of the
governing differential equation (37) for Urel(r), and the other employs term-by-term integration of the series expansion for the
relativistic proton Green’s function (equation 27), which yields equation 38. The excellent agreement between the two sets of
results for Urel(r), plotted in Figure 5, confirms the validity of our solution method.
The particle acceleration model developed here is based on the presence of a standing shock located near the centrifu-
gal barrier in ADAF discs. The possible existence of such shocks was first explored in the context of steady-state models
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by Chakrabarti (1989), Chakrabarti & Molteni (1993), and Lu & Yuan (1997). The question was further investigated by
Hawley, Smarr & Wilson (1984a,b), who demonstrated the existence of standing shocks in tenuous discs using relativistic 2D
simulations. Similar results have also been obtained recently by Dihingia et al. (2019), Kumar & Gu (2019a,b), and Sarkar
& Chattopadhyay (2019). The stability of discs with standing shocks and outflows was questioned by Okuda & D. Molteni
(2012) in their study of accretion onto Sgr A*, but a subsequent study by Le et al. (2016) established the stability of ADAF
discs with standing shocks over a range of values for the viscosity and angular momentum of the accreting gas.
We have demonstrated that the hadronic TeV emission model developed here can be combined with the one-zone leptonic
SSC model of Finke et al. (2008) to successfully reproduce the multi-wavelength SED for each of the flares observed from M87
in 2004, 2005, and 2010 (see Figures 8a, 8b, and 8c). We argue that a superposition of the hadronic and leptonic emission
components is reasonable since the two radiation components are emitted by distinct populations of particles that need not
be cospatial. The results plotted in Figures 8a, 8b, and 8c represent the first time the TeV flares have been directly connected
with physical processes operating in the accretion disc. We find that the properties of the flares observed using VERITAS in
2010 and HESS in 2004 and 2005 can be explained in terms of a collision between a jet of relativistic protons and a cloud
or stellar atmosphere with proton number density np ∼ 109 − 1010 cm−3, and radius L0 ∼ 1013 − 1014 cm, in Keplerian motion
∼ 1016 cm from the central black hole. The mean isotropic Lorentz factor of the protons striking the cloud is 〈γ〉jet ∼ 103 for
each of the flares observed in 2004, 2005, and 2010, suggesting that the dynamics of the M87 jet did not change, but instead
the jet collided with clouds of differing properties to produce the three distinct flare spectra.
Recent observational studies indicate that the M87 jet has a variability timescale in the X-rays of ∼ 3 weeks (Harris
et al. 2009). Furthermore, VLBI studies of the observed radio knots yield a similar timescale, which is also consistent with
the estimated synchrotron cooling timescale for the radiating electrons (Hada et al. 2012). Assuming that the mass of the
central black hole in M87 is given by M = 6.5 × 109 M (Akiyama et al. 2019), the light crossing time for one gravitational
radius is ∼ 0.37 days, which is the lower bound for the disc to relax to a new steady state if any of the model parameters or
boundary conditions were varied. In our application to M87, we find that the flow velocity upstream from the shock is ∼ 0.14c.
Hence, we estimate that any variations in the model parameters, or the accretion rate, or the shock location (due to shock
oscillation) would lead to relaxation on a timescale of ∼ 2.6 days. We therefore conclude that the model is able to relax to a
new steady-state configuration on a timescale that is much shorter than the observed variability timescale. This implies that
a steady-state model of the sort investigated here can be used to interpret the data for a source with the variability behavior
exhibited by M87.
We note that the theoretical spectrum plotted in Figure 8c using our model is quite similar to the that displayed in
Figure 2 from Fraija & Marinelli (2016) for the 2004 flare observed by HESS, which is not surprising since they treated the
closely related process of pγ pion production, rather than the pp process considered here. Following the transition from LB05
to LB07, we plan to study the effect of viscosity on the structure of the disc and the formation of the standing shock and the
associated relativistic outflow. We expect that the inclusion of viscosity will not significantly alter the conclusions reached in
this work, since significant particle acceleration will occur regardless of the level of viscosity, provided that a shock is present.
In particular, we will reexamine the question of whether both shocked and smooth flow solutions are possible when particle
diffusion and viscosity are both included. It is also interesting to note that the jets of relativistic protons considered here may
also be efficient sources of cosmological neutrinos, although we have not made any estimates regarding this possibility yet
(e.g. Righi et al. 2018; Zhang et al. 2016; Reville & Bell 2014). We conclude that our coupled, self-consistent theory for the
disc structure and the associated particle acceleration provides for the first time a completely self-consistent explanation for
the outflows and the high-energy γ-ray emission observed in radio-loud AGNs.
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APPENDIX A: EIGENFUNCTION SHOCK JUMP CONDITION
The global solution for the eigenfunction Yn(r) must satisfy the continuity and derivative jump conditions associated with the
presence of the shock/source at radius r = r∗. In order to obtain these conditions, we must integrate the transport equation
with respect to radius in the vicinity of the shock. Beginning with equation (17), we have
−Hυ dYn
dr
=
λn
3r
d
dr
(rHυ)Yn + 1r
d
dr
(
rHκ
dYn
dr
)
− A0cH∗δ(r − r∗)Yn . (A1)
Multiplying both sides by r and integrating with respect to radius in the vicinity of the shock yields
lim
→0
∫ r∗+
r∗−
−Hυr dYn
dr
dr = lim
→0
λn
3
∫ r∗+
r∗−
d
dr
(rHυ)Yndr +
∫ r∗+
r∗−
d
dr
(
rHκ
dYn
dr
)
dr − A0cH∗
∫ r∗+
r∗−
rδ(r − r∗)Yndr . (A2)
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Since the left-hand side of this expression contains no singular factors, it vanishes in the limit  → 0, and we therefore obtain
0 = lim
→0
λn
3
∫ r∗+
r∗−
d
dr
(rHυ)Yndr − ∆
[
rHκ
dYn
dr
]
− A0cH∗r∗Yn(r∗) , (A3)
where ∆ denotes the difference between post-shock and pre-shock quantities (cf. equation 8),
∆[ f ] ≡ lim
δ→0
f (r∗ − δ) − f (r∗ + δ) = f+ − f− . (A4)
Applying integration by parts to the first term on the right-hand side of equation (A3) yields
0 = −λn
3
∆ [rHυYn] − λn3 lim→0
∫ r∗+
r∗−
rHυ
dYn
dr
dr − ∆
[
rHκ
dYn
dr
]
− A0cH∗r∗Yn(r∗) . (A5)
The second term on the right-hand side of this expression contains no singularities, and therefore it vanishes in the limit
 → 0. Hence equation (A5) reduces to
∆
[
λn
3
HυYn + Hκ
dYn
dr
]
= −A0cH∗Yn(r∗) . (A6)
Equation (A6) gives the derivative jump in the context of the two-fluid model. We note that the function Yn(r) itself must be
continuous at r = r∗ in order to avoid an infinite diffusive flux there, and this yields the continuity condition
∆ [Yn] = 0 . (A7)
Equations (A6) and (A7) establish that Yn(r) must be continuous at the shock location, and its derivative must display a jump
there.
APPENDIX B: ASYMPTOTIC EIGENFUNCTIONS RELATIONS
In this section we derive the physical boundary conditions satisfied by the spatial eigenfunctions Yn(r). The boundary conditions
are combined with the jump conditions in order to determine the global eigenfunctions and the associated eigenvalues λn. We
begin with equation (18), which states that
d2Yn
dr2
+
[
rS
κ0(r − rS )2
+
d ln(rHυ)
dr
+
2
r − rS
]
dYn
dr
+
λnrS
3κ0(r − rS )2
d ln(rHυ)
dr
Yn = 0 . (B1)
We will analyze this expression in order to obtain boundary conditions for Yn(r) applicable near the event horizon (r → rS )
and also at large radii (r →∞).
B1 Near the Horizon (r → rS)
In Paper 1, we established that near the event horizon, the radial velocity υ approaches free-fall velocity, υ2ff ≡ 2GM/(r − rS ),
so that
υ ∝ (r − rS )−1/2 , r → rS . (B2)
We also demonstrated that with the inclusion of relativistic particle pressure, the asymptotic variation of the disc half-thickness
H near the horizon is given by (see equation C7 from Paper 1)
H ∝ (r − rS )(γth+3)/[2(γth+1)] , r → rS . (B3)
Applying equations (B2) and (B3) to the logarithmic term in equation (B1) yields
d ln(rHυ)
dr
≈ [(γth + 1)(r − rS )]−1 , r → rS , (B4)
which reduces equation (B1) to
d2Yn
dr2
+
[
rS
κ0(r − rS )2
+
(
1
γth + 1
+ 2
)
1
r − rS
]
dYn
dr
+
λnrS
3κ0(r − rS )3(γth + 1)
Yn = 0 , r → rS . (B5)
One can see that equation (B5) is equivalent to equation (C14) from Paper 1, if we make the identification λ → n + 1.
Hence we can apply the same Frobenius approach utilized in Appendix C from Paper 1 to immediately conclude that near
the event horizon, the asymptotic variation of the spatial eigenfunction Yn(r) is given by
Yn(r) ∝ (r − rS )−λn/(3γth+3) , r → rS , (B6)
which is the same asymptotic behavior obtained by LB07 in the context of their one-fluid model. In Figure B1a, we plot
a sample comparison between the fundamental numerical solutions Ginn (r) and the corresponding inner asymptotic functions
ginn (r) for n = 1, 2, 3. Note that the two functions agree closely in the limit r → rS , as expected. This validates our utilization
of the inner asymptotic form (equation 23) in setting the inner boundary condition for the spatial eigenfunctions Yn.
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Figure B1. Fundamental solutions obtained in Model C for a) Ginn (r) (equation 23) and b) Goutn (r) (equation 26). The blue, red, and
green values correspond to n = 1, 2, 3, respectively. The solutions are compared with the corresponding asymptotic forms ginn (r) and goutn (r)
(filled circles).
B2 Towards Infinity (r →∞)
In Paper 1, we established that particle transport is dominated by outward-bound spatial diffusion as r → ∞. This leads to
the determination of the asymptotic behavior of the inflow velocity υ (see equation C9 from Paper 1), given by
υ ∝ r−5/2 , r →∞ , (B7)
as well as the asymptotic behavior of the disc half-thickness H (see equation C10 from Paper 1), given by
H ∝ r3/2 , r →∞ . (B8)
Application of these two relations to the logarithmic term in equation (B1) yields
d ln(rHυ)
dr
= 0 , r →∞ , (B9)
which reduces equation (B1) to
d2Yn
dr2
+
[
rS
κ0r2
+
2
r
]
dYn
dr
= 0 , r →∞ . (B10)
In the asymptotic regime r → ∞, the dominant term inside the square brackets is the one proportional to 1/r, and therefore
we obtain
d2Yn
dr2
= −2
r
dYn
dr
, r →∞ . (B11)
Upon integration, we obtain the asymptotic form
Yn =
C1
r
+ C0 , r →∞ , (B12)
where C0 and C1 are constants of integration. In Figure B1b, we plot a sample comparison between the fundamental numerical
solution Goutn (r) and the corresponding outer asymptotic function goutn (r) for n = 1, 2, 3. We observe that the two functions agree
closely in the limit r →∞, as expected. This validates our utilization of the asymptotic form in setting the outer asymptotic
form (equation 24) for the spatial eigenfunctions Yn(r).
APPENDIX C: ORTHOGONALITY OF THE SPATIAL EIGENFUNCTIONS
We can establish the orthogonality of the spatial eigenfunctions Yn(r) by writing equation (18) in the equivalent Sturm-Liouville
form,
d
dr
[
S(r) dYn
dr
]
+ λnω(r)Yn(r) = 0 . (C1)
In our application, the function S(r) is computed using
S(r) ≡ rHκ
r∗H∗κ∗
exp
{
1
κ0
[(
r∗
rS
− 1
)−1
−
(
r
rS
− 1
)−1]}
, (C2)
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and the weight function ω(r) is defined by
ω(r) ≡ υS
3κ
d ln(rHυ)
dr
. (C3)
Let us suppose that λn and λm denote two distinct eigenvalues (λn , λm) with associated spatial eigenfunctions Yn(r) and
Ym(r), respectively. Since Yn and Ym each satisfy equation (C1) for their respective eigenvalues, we can write
Yn(r)
{
d
dr
[
S(r) dYm
dr
]
+ λmω(r)Ym(r)
}
= 0 , (C4)
and
Ym(r)
{
d
dr
[
S(r) dYn
dr
]
+ λnω(r)Yn(r)
}
= 0 . (C5)
Subtracting equation (C5) from equation (C4) yields
Yn(r) ddr
[
S(r) dYm
dr
]
− Ym(r) ddr
[
S(r) dYn
dr
]
= (λn − λm)ω(r)Yn(r)Ym(r) . (C6)
We can integrate equation (C6) by parts from r = rS to r = ∞ to obtain, upon simplification,
S(r)
[
Yn(r) dYmdr − Ym(r)
dYn
dr
]∞
rS
= (λn − λm)
∫ ∞
rS
ω(r)Yn(r)Ym(r)dr . (C7)
The asymptotic behaviors of the inner and outer fundamental solutions, Ginn (r) and Goutn (r), respectively, are stated in
equations (23) and (24) for the limits r → rS and r → ∞, respectively. By virtue of equation (21), the spatial eigenfunctions
Yn(r) obey the same set of boundary conditions. Based on these conditions, we conclude that the left-hand side of equation (C7)
vanishes, leaving∫ ∞
rS
ω(r)Yn(r)Ym(r)dr = 0, m , n . (C8)
This result establishes that Ym and Yn are orthogonal eigenfunctions relative to the weight function ω(r) defined in equa-
tion (C3). Note that the weight function ω(r) displays a δ-function behavior at r = r∗ due to the variation of the derivative
υ′(r) in the vicinity of the shock. In this region, we can combine equations (15), (C2), and (C3) to show that
ω(r) → 1
3κ∗H∗
(H−υ− − H+υ+)δ(r − r∗) , r → r∗ , (C9)
which is a generalization of the weight function given by equation (40) from LB07, applicable for the two-fluid model considered
here.
APPENDIX D: EXPANSION COEFFICIENTS
The exact solution for the Green’s function, fG(Ep, r), is given by the series expansion (cf. equation 27)
fG(Ep, r) =
Nmax∑
n=1
bnYn(r)
(
Ep
E0
)−λn
, Ep ≥ E0 , (D1)
where Yn(r) denotes the set of spatial eigenfunctions. In order to evaluate the Green’s function using equation (D1), we require
knowledge of the expansion coefficients, bn. These coefficients can be computed by exploiting the orthogonality of the spatial
eigenfunctions as follows. We begin by noting that for proton energy Ep = E0, equation (D1) reduces to
fG(Ep, r) =
Nmax∑
m=1
bmYm(r) . (D2)
Multiplying both sides of equation (D2) by the product Yn(r)ω(r) and integrating with respect to r from r = rS to r = ∞ yields∫ ∞
rS
fG(E0, r)Yn(r)ω(r)dr =
Nmax∑
m=1
bm
∫ ∞
rS
Ym(r)Yn(r)ω(r)dr . (D3)
Based on the orthogonality of the spatial eigenfunctions (equation C8), we observe that only the n = m term on the right-hand
side of equation (D3) survives, leaving∫ ∞
rS
fG(E0, r)Yn(r)ω(r)dr = bn
∫ ∞
rS
Y2n (r)ω(r)dr . (D4)
Hence the expansion coefficient bn can be expressed as
bn =
∫ ∞
rS
fG(E0, r)Yn(r)ω(r)dr
In , (D5)
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where the quadratic normalization integral, In, is defined by
In ≡
∫ ∞
rS
Y2n (r)ω(r)dr . (D6)
Completing the calculation of the expansion coefficients, bn, for our two-fluid model requires the evaluation of the dis-
tribution function at the source energy, fG(E0, r). We can obtain an expression for this quantity by integrating equation (12)
with respect to Ep in a small range around the injection energy E0, obtaining
0 =
1
3r
∂
∂r
(rHυr )E0 fG(E0, r) +
ÛN0δ(r − r∗)
(4pi E0)2r∗
, (D7)
where we have used the fact that fG(Ep, r) = 0 for Ep < E0. Equation (D7) clearly indicates that fG(Ep, r) = 0 for r , r∗. The
value of fG(Ep, r∗) can be obtained by integrating equation (D7) with respect to r over a small region surrounding the shock
location, which yields
0 =
1
3
(H+υ+ − H−υ−)E0 fG(E0, r∗) +
ÛN0
(4pi E0)2r∗
, (D8)
Combining relations, we find that
fG(E0, r) =

3 ÛN0
(4pi )2E30 r∗(H−υ−−H+υ+)
, r = r∗ ,
0, r , r∗ .
(D9)
Substituting for fG(E0, r) in equation (D5) using equation (D9) and carrying out the integration, we obtain the final result
bn =
ÛN0Yn(r∗)
(4pi )2E30 r∗H∗κ∗In
, (D10)
where we have utilized the δ-function behavior close to the shock for the weight function ω(r) given by equation C9. Formally,
equation (D10) is exactly the same as equation (49) from LB07. However, when we also consider the singular nature of the
weight function when computing the normalization integrals In defined in equation (D6),
In = lim
→0
∫ r∗−
rS
ω(r)Y2n (r)dr +
∫ ∞
r∗+
ω(r)Y2n (r)dr +
1
3κ∗H∗
(H−υ− − H+υ+)Y2n (r∗) , (D11)
we find that In is different in our two-fluid model, because of the discontinuity of the disc half-thickness H at the shock radius
r∗.
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